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We propose a new way to experimentally determine the subleading low-energy structure constant of doubly-
virtual Compton scattering on a proton. Such empirical determination will reduce the theoretical model error
in estimates of the hadronic correction to the muonic hydrogen Lamb shift. We demonstrate that the di-lepton
forward-backward asymmetry in the e−p → e−p e−e+ process, which can be accessed at electron scattering
facilities, yields a large sensitivity to this so far unknown low-energy constant.
Extractions of the proton charge radius from muonic hydro-
gen (µH) Lamb shift measurements over the past decade [1, 2]
have reported a highly precise proton-radius value, with more
than an order of magnitude improvement in the precision.
These results disagreed by around 5.6 standard deviations,
with the values obtained from measurements of energy level
shifts in electronic hydrogen [3] or from electron-proton elas-
tic scattering experiments [4]. This so-called ”proton radius
puzzle” has spurred a lot of activity, see e.g. [5, 6] for re-
views. A new round of experiments using electronic hydro-
gen spectroscopy [7, 8], as well as a new electron scattering
experiment [9] are favoring the lower value of the radius con-
sistent with the µH spectroscopy results, although a recent
electronic hydrogen experiment [10] has also reported a large
value of the proton charge radius. To fully clarify this situa-
tion, further experiments both with electron beams [11], muon
beams [12, 13], or by a direct comparison of cross sections
for γ p → e+e−p versus γ p → µ+µ−p [14], are presently
planned or underway. With the next generation of high-
precision experiments both in scattering and spectroscopy, the
focus is now shifting to improve the precision on this fun-
damental nucleon structure quantity, as spelled out recently
in [15]. Indeed, to extract the proton charge radius from µH
Lamb shift measurements, which is at present the most pre-
cise method, the proton form factors, structure functions and
polarizabilities are all required as input in a quantitative un-
derstanding of the hadronic correction [16–18]. At present the
theoretical uncertainty due to this correction, which is evalu-
ated in a dispersive framework, is of the same size as the 2P
- 2S µH Lamb shift experimental uncertainty, and is the main
limitation when converting a value of the Lamb shift to a value
for the proton radius.
The main part of this hadronic uncertainty results from
the subtraction function entering the forward doubly-virtual
Compton scattering process. It corresponds to the situation
where the photons in the Compton process have zero energy
and finite virtuality. At second order in the photon virtual-
ity, this function is constrained by the magnetic polarizability,
which is determined experimentally [19]. To fourth order in
the photon virtuality, one low-energy constant in this subtrac-
tion function is at present empirically unconstrained [20], and
one relies on chiral effective field theory calculations [17, 21]
or phenomenological estimates. We demonstrate in this work
that this low-energy constant can be accessed experimen-
tally through the forward-backward asymmetry in the e−p→
e−p e−e+ process. This observable is directly sensitive to
the interference between the QED and doubly-virtual Comp-
ton amplitudes. A pioneering measurement of this forward-
backward asymmetry in the γp → e−e+p process has been
performed at DESY quite some time ago [22] as a test of the
Kramers-Kronig relation at high energies. In the present work,
we demonstrate that the corresponding experiments with a
spacelike initial virtual photon, which can be realized at elec-
tron scattering facilities, yield a large sensitivity to this so far
unknown low-energy constant.
The helicity averaged forward doubly-virtual Compton
scattering process (VVCS), γ∗(q)+N(p)→ γ∗(q)+N(p) is
described by two invariant amplitudes, denoted by T1 and T2,
which are functions of two kinematic invariants: Q2 = −q2
and ν = q · p/M , with M the nucleon mass. Its covariant ten-
sor structure in the four-vector indices of initial (µ) and final
(ν) photons can be written, following notations from [23], as:
αemM
µν(VVCS) ≡ gˆµνT1(ν,Q2)− pˆ
µpˆν
M2
T2(ν,Q
2), (1)
with gˆµν ≡ gµν − qµqν/q2, pˆµ ≡ pµ − p · q/q2 qµ, and
where αem = e2/4pi ' 1/137. The optical theorem relates
the imaginary parts of T1 and T2 as:
Im T1(ν,Q
2) =
e2
4M
F1 , Im T2(ν,Q
2) =
e2
4ν
F2 , (2)
where F1, F2 are the conventionally defined structure func-
tions parametrizing inclusive electron-nucleon scattering, and
depend on Q2 and x ≡ Q2/2Mν. The two-photon ex-
change correction to the µH Lamb shift can be expressed as
a weighted double integral over Q2 and ν of the forward am-
plitudes T1 and T2 [16]. Using the empirical input of F1 and
F2, the ν dependence of T2 has been fully reconstructed in
[16] using an unsubtracted dispersion relation, whereas the
dispersion relation for T1 requires one subtraction, which can
be chosen at ν = 0 as T1(0, Q2). The subtraction function is
usually split in a Born part (corresponding with the nucleon
intermediate state), and a remainder, so-called non-Born part,
which we denote in the following by T¯1(0, Q2). Although
the Born part can be expressed in terms of elastic form fac-
tors (see [23] for the corresponding expression), the non-Born
part cannot be fixed empirically so far. In general, one can
however write down a low Q2 expansion of T¯1(0, Q2) as:
T¯1(0, Q
2) = βM1Q
2 +
1
2
T
′′
1 (0)Q
4 +O(Q6), (3)
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2where the term proportional to Q2 is empirically determined
by the magnetic dipole polarizability βM1 [19]. Theoreti-
cal estimates for the subtraction term were given at order Q4
in heavy-baryon chiral perturbation theory (HBChPT) [17],
and covariant baryon chiral perturbation theory (BChPT),
both at leading order (LO) due to piN loops, and at next-to-
leading order (NLO), including both ∆(1232)-exchange and
pi∆ loops [20, 21]. Furthermore, estimates of the subtraction
function were also extracted from superconvergence sum rule
(SR) relations, relying on a dispersion relation for the differ-
ence of the structure function F1 and a Regge fit of its high-
energy behavior [24]. The different values obtained for T¯ ′′1 (0)
are compared in Table I (second column). Even for these the-
oretically well motivated approaches, the spread among the
different estimates is quite large. The resulting uncertainty
due to this subtraction term constitutes at present the main
uncertainty in the theoretical Lamb shift estimate. We next
discuss how to avoid such model dependence, and propose an
empirical way to determine T¯ ′′1 (0).
Source Ref. 1
2
T¯ ′′1 (0) αemb3,0
HBChPT [17] [−1.01,−0.35]
piN loops −0.06 0.001
pi∆ loops −0.10 −0.005
∆ exchange −1.98 0.11
Total BChPT [20] −2.14± 0.98 0.11± 0.05
superconvergence SR [24] −0.47 3.96
TABLE I: Values of the Q4 term of the subtraction function
T¯1(0, Q
2) (second column) and of the dVCS low-energy constant
b3,0 (third column), both in units 10−4 fm5, in different theoretical
approaches [20]. The indicated range for the HBChPT result corre-
sponds with the range given by Eq. (15) in Ref. [17].
To empirically access the Q4 term and potentially also
higher order terms in T¯1(0, Q2), we consider the full off-
forward doubly-virtual Compton process, γ∗(q) + N(p) →
γ∗(q′) + N(p′) , where both photons are virtual. In the fol-
lowing, we study the case where the initial photon is spacelike
(q2 < 0), and the final photon is timelike (q′2 > 0), which can
be accessed experimentally. In general, the full off-forward
doubly-virtual Compton scattering (dVCS) amplitude off a
proton is described by 18 tensor structures in the initial (µ) and
final (ν) photon four-vector indices [25]. In this work, we will
only need the helicity-averaged amplitude, which is described
by 5 independent tensors, and can be expressed as [26]:
Mµν =
∑
i=1,2,3,4,19
Bi(ν, q
2, q′2, q · q′)Tµνi , (4)
where Tµνi are the spin-independent and gauge invariant ten-
sors, symmetric under exchange of the two virtual photons,
see Eq. (8) in [20] for the corresponding expressions. Further-
more, in (4), the invariant amplitudes Bi are functions of four
Lorentz invariants, with ν ≡ q ·P/M , where P ≡ (p+ p′)/2.
As the forward VVCS process of Eq. (1) is a special case of
Eq. (4), one can express the subtraction function as [20]:
T¯1(0, Q
2) = αemQ
2
(
B¯1 +Q
2B¯3
)
, (5)
where both non-Born amplitudes B¯1, B¯3 are understood in the
forward limit (q = q′), i.e. B¯i(0, q2, q2, q2) for i = 1, 3.
The Born contribution was worked out in Ref. [25]. For the
helicity averaged amplitude, it only contributes to the ampli-
tudesB1 andB2, see Eq. (8) in [20]. The non-Born part of the
dVCS amplitudes, denoted as B¯i, can be expanded for small
values of q2, q′ 2, q · q′ and ν, with coefficients given by polar-
izabilities. As the ν dependence can be fully reconstructed up
to at most one subtraction, through a dispersion relation, we
only need to discuss the amplitudes entering the subtraction
function. To determine T¯1(0, Q2) up to the Q4 term, we use
the low-energy expansion in k ∈ {q, q′} [20]:
B¯1(0, q
2, q′2, q · q′) = 1
αem
{
βM1 − 1
6
βM2q · q′
−
(
β′M1(0) +
βM1
8M2
)
(q2 + q′ 2)
}
+O(k4),
B¯3(0, q
2, q′2, q · q′) = b3,0 +O(k2), (6)
where βM2 is the magnetic quadrupole polarizability deter-
mined from real Compton scattering [27], and β′M1(0) is the
slope at Q2 = 0 of the generalized magnetic dipole polariz-
ability which is accessed through virtual Compton scattering,
see Ref. [28] for a recent review. The low-energy constant b3,0
is not determined empirically so far because the tensor struc-
ture Tµν3 decouples when either the initial or final photon is
real. Using Eq. (6), we can express the Q4 term in Eq. (3) as:
1
2
T
′′
1 (0) =
1
6
βM2 + 2β
′
M1(0) +
βM1
4M2
+ αemb3,0. (7)
We compare in Table I (third column) several theoretically
motivated estimates for b3,0. We see that the BChPT including
∆-pole corresponds with a very small value of b3,0 in compar-
ison with the value resulting from the superconvergence SR
estimate for T ′′1 (0).
To empirically determine T¯ ′′1 (0) and b3,0 we consider the
process of electroproduction of a di-lepton (electron-positron)
pair on the nucleon,
e−(k) +N(p)→ e−(k′) +N(p′) + e−(l−) + e+(l+), (8)
where the four-momenta of the corresponding particles are
shown in parentheses. We define the eight-fold phase space
of the reaction (8) in terms of five invariants:
s = (k + p)2, Q2 = −(k − k′)2, W 2 = (q + p)2,
t = (p′ − p)2, q′ 2 = (l− + l+)2, (9)
and three angles Φ, θl, and φl. The invariant s is obtained
from the electron beam energy Ee as s = M2 + 2MEe, Φ is
the angle of the intial electron plane relative to the production
plane, spanned by the vectors q ≡ k − k′ and q′ ≡ l− + l+
in the c.m. frame (~q + ~p = 0), and θl, φl are the angles of
the produced negative lepton in the di-lepton rest frame (with
polar angle defined relative to the c.m. direction of q′). The
differential cross section of the reaction (8) reads
dσ
dQ2dW 2dΦdtdq′2(dΩl)e−e+
=
1
(4pi)7
1
2(s−M2)2
× (1− 4m
2
e/q
′2)1/2
λ(W 2,M2,−Q2)1/2
∑
i
∑
f
|M|2, (10)
3where me is the lepton mass, λ is the Ka¨lle´n triangle func-
tion, and M stands for the amplitude of the reaction (8).
At O(α2QED), the reaction (8) is described by the processes
FIG. 1: Feynman diagrams for the spacelike BH process (1 and 2),
the timelike BH process (3 and 4), and the dVCS process (diagram
5). The single (double) lines correspond with leptons (nucleons).
shown in Fig. 1. The first four diagrams correspond with
the spacelike (SL) and timelike (TL) Bethe-Heitler (BH) pro-
cesses, whereas the last is the dVCS process. The BH-SL and
BH-TL diagrams are fully determined by the nucleon’s elec-
tromagnetic FFs, represented by the blobs in diagrams 1 - 4
in Fig. 1. We adopt the FF parameterization of [4] in the fol-
lowing, which we can analytically continue to the small time-
like virtualities considered here. The invariant amplitude for
the dVCS process (MC), where initial (final) photons have
spacelike (timelike) virtualities, is given by
MC = ie
4
q′2Q2
N¯(p′)MµνN(p)u¯(k′)γµu(k)u¯(l−)γνv(l+),
where Mµν is the dVCS tensor of Eq. (4). To access the real
part of the dVCS amplitude, with the aim to empirically ex-
tract the low-energy constant b3,0 we consider in the follow-
ing the forward-backward asymmetry AFB , which is defined
in the di-lepton rest frame as:
AFB ≡
∑
i
∑
f
{
|M|2θl,φl − |M|2pi−θl,φl+pi
}
∑
i
∑
f
{
|M|2θl,φl + |M|2pi−θl,φl+pi
} . (11)
The only non-zero contribution to this observable comes
from the interference between processes with an even (BH-
SL) and odd (BH-TL and dVCS) number of photon cou-
plings to the di-lepton pair, due to charge conjugation.
Explicitly, the numerator in Eq. (11) is proportional to
< [MBH−SL (MBH−TL +MC)∗].
We start our discussion by considering the case of an ini-
tial real photon through the γp → e−e+p reaction. In Fig. 2
we show the dependence of the γp → e−e+p cross section
on the c.m. energy W for two settings. One of kinematics
is approaching the forward real Compton process (left panel),
with q′ 2 and t values near the ones considered in the exper-
iment of [22]. To provide a model of the inelastic effects in
the dVCS process we consider an effective description of the
non-Born part of the dVCS amplitude in the ∆(1232) region
by the ∆-pole amplitude. For the electromagnetic N → ∆
transition we use the empirical parameterization, see [29]. To
estimate the accuracy of the description, we also implemented
for the near-forward real Compton situation, with −t small
and q′ 2 very close to zero, a full dispersive calculation based
on empirical structure functions [30]. The latter calculation
was found to be consistent with the so far only data point
for AFB [22]. We see from Fig. 2 that around c.m. energy
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FIG. 2: W-dependence of the γp → e−e+p cross section integrated
over the di-lepton angles for two kinematic settings. The BH cross
section is compared with different models for the Compton cross
section. A full calculation based on the empirical forward structure
functions [30] is also shown for the near-forward quasi-real Compton
kinematics (left panel, solid red curve).
W = 1.25 GeV the Compton part of the cross section inte-
grated over the di-lepton solid angle is reproduced by the Born
+ ∆-pole description within an accuracy of 5% or better. Fur-
thermore, for larger values of q′ 2 = −t, the ratio between
BH and Compton cross sections decreases. Therefore, one
expects an increase of the asymmetry AFB with increasing
values of q′ 2 and −t, as is demonstrated in the lepton angular
dependence in Fig. 3 for W = 1.25 GeV. One sees that for
q′ 2 = −t = 0.075 GeV2, AFB reaches values between -40%
and +30%.
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q'2 = -t = 0.025 GeV2
q'2 = -t = 0.05 GeV2
q'2 = -t = 0.075 GeV2
W = 1.25 GeV
φl = 0o
A F
B
−0.5
0
0.5
θl   (deg)
0 50 100 150
FIG. 3: Lepton angular dependence (in di-lepton c.m. frame, for
φl = 0
o) of the γp→ e−e+p asymmetry AFB for W = 1.25 GeV,
and for different values of q′ 2 and −t.
Having assessed the sensitivity of AFB to the dVCS am-
plitude for real photons, we next extend it to the initial vir-
tual photon case through the e−p → e−p e−e+ reaction. As
AFB depends on the real part of the dVCS amplitude, it holds
promise to study the sensitivity on the low-energy constant
b3,0. In Fig. 4, we show the cross section and AFB for the
e−p → e−p e−e+ process at W = 1.25 GeV, where the ∆-
pole was found to yield a very good description of the total
Compton result, and in kinematics where Q2 = q′ 2 = −t =
0.075 GeV2. One notices that in the forward and backward
angular ranges the Bethe-Heitler process yields only a small
asymmetry. In these ranges, the Compton process yields a
large change in the asymmetry, up to 50%. The red band
4shows the sensitivity on b3,0, corresponding with the spread
in Table I. For forward and backward angles, where the sensi-
tivity is the largest, the spread in the values for the subtraction
constant T ′′1 (0) in Table I, corresponds with a change in AFB
from 20% to 50%.
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FIG. 4: Lepton angular dependence (in di-lepton c.m. frame) of
the e−p → e−p e−e+ differential cross section (upper panel, in
units nb/GeV8sr2) and asymmetryAFB (lower panel). The red band
shows the sensitivity on the low-energy constant b3,0, corresponding
with the spread in Table I.
In Summary, we have explored a direct empirical deter-
mination of the subtraction function in the doubly-virtual
Compton process on a nucleon, which corresponds at present
with the leading uncertainty in the hadronic correction to
muonic atom spectroscopy. To fourth order in the photon
virtuality, one low-energy quantity in the subtraction function
is so far empirically unconstrained. We have demonstrated
that it can be accessed experimentally through the forward-
backward asymmetry of the e−p → e−p e−e+ process. This
observable is directly sensitive to the interference between the
QED and dVCS amplitudes. Different theoretical estimates
for this low-energy constant induce a change between 20%
and 50% in the corresponding asymmetry in the ∆(1232)
region. This observable can be accessed by precision experi-
ments at the electron facilities MAMI, MESA, and JLab.
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